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Determination of protein association constants by
electrophoresis
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Abstract

An electrophoresis cell with scanning UV-absorption optics is presented. It allows the measurement of moving
reaction boundaries of dilute protein solutions with a high-resolution. The protein profiles in the boundaries can be
extrapolated to infinite time after an appropriate transformation of space and time coordinates and then evaluated
with respect to association constants. This is demonstrated for the dimer]tetramer equilibrium of haemoglobin.
Q 1998 Published by Elsevier Science B.V. All rights reserved.

Keywords: Association equilibria; Haemoglobin; Electrophoresis

1. Introduction

The determination of dissociation constants in
solutions by non-equilibrium transport experi-
ments has its origin from Ostwald’s dilution law:
the electrical conductivity of a series of homoge-
neous solutions of varying concentrations of a
weak acid gives the desired answer. This method
is not feasible for dissociatingrassociating pro-
teins because of the swamping conductivity of the
buffer. Instead, one uses the concentration pro-
files of moving boundaries which show deviations
from the ideal gaussian behaviour, leading even
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to bimodal peaks if more than two subunits M
associate to a polymer P: nMlP. The non-lin-
ear differential equations describing these moving
boundaries have been solved either by numerical

w xmethods 1]5 or analytically for the asymptotic
w xcase of negligible diffusion 1,2,6,7 .

This moving boundary method rests on two
Ž .assumptions: 1 the concentration changes caused

by the dissociationrassociation reactions must be
fast compared to the concentration changes in-
duced by the transport, i.e. local equilibria obtain

Ž .at every moment in all volume elements; 2 the
mobilities of the species, here M and P, should
be sufficiently different. These conditions are ful-
filled for a wide class of reactions in protein
solutions.
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Of all the possible reaction boundaries the one
with a dimerizing protein is the most difficult to
analyze because the deviation from the gaussian
behaviour is the least pronounced one. This means
that only the change of the boundary during an
electrophoretic run may give us enough informa-
tion to extract the equilibrium constant. With this
aim in view we have built an appropriate elec-
trophoresis cell with scanning UV-absorption op-
tics and we have tried to find conditions for the
measurement and evaluation of the moving
boundary of the dimer]tetramer equilibrium of

w xhuman haemoglobin 8 as an example.

2. Theory

w xWe present the theory 1]7 as far as it is
necessary for the understanding of the concept
and the evaluation of the experiment.

If one takes the establishment of the local
equilibrium for granted, as we do, the transport
of the solute constituent is described by

­ c ­ ­ c ­ Ž . Ž .s D y c¨ 1
­ t ­ x ­ x ­ x

where c is the concentration of the constituent
Ž . Ž .in mass per volume , D the species averaged
diffusion coefficient and ¨ the migration velocity.
As usual, t denotes the time and x the space
coordinate.

For the dimer]tetramer equilibrium

2 DsT

there are

Ž .csc qc 2D T

Ž . Ž .¨ s c ¨ q c ¨ rc 3D D T T

2Ž . Ž .Ksc r c 4T D

Here, the subscripts D and T refer to the species
dimer and tetramer. In the mass action law Eq.
Ž .4 the activity coefficients can be thought of as
either being incorporated into the equilibrium
constant K or given by the assumption of Adams

w xand Fujita 9 .

The different species velocities ¨ and ¨ tryD T
to spread an initial concentration step of the

Ž .solute proportional to time: ¨ y¨ ? t, whereasT D
the diffusional spreading is proportional to the

'square root of time: 2 Dt . The ratio

Ž . Ž .Ss ¨ y¨ t r2 Dt 5'T D max max

where t denotes the time of the last observa-max
tion may serve as a measure of the result of these
two spreading mechanism. This will be used later.

The foregoing considerations form the basis for
w xthe analytical asymptotic solution of Gilbert 6,7

and also for the measurement procedure and
evaluation given here. They are described by the
transformation

Ž .zsxrt , ys1rt 6

Ž .which transforms Eq. 1 to

­ c ­ c ­ ­ c ­ Ž .z qy syy D q c¨ .
­ z ­ y ­ z ­ z ­ z

For infinite time, yª0, this reduces to

­ c` ­ `Ž . Ž .z s c ¨ 7
­ z ­ z

Here, the diffusional spreading is eliminated. The
superscript ` represents the extrapolation to in-
finite time.

The solution of this equation is

2Ž .¨ y¨1 D T`Ž . Ž .c z s y1 , 0FcFc 8max24K Ž .zy¨ T

if for ts0 one starts with a concentration step
from cs0 to csc . This asymptotic profile ismax
determined by three parameters: ¨ , ¨ and K.T D
Only two of these are independent because there
is a measurable relationship between them: the
first reduced moment m rm of the moving1 0
boundary connects the parameters, as will be
shown below.

The moments are defined by



( )R. Matejec, H. Schonert r Biophysical Chemistry 74 1998 99]106¨ 101

q` ­ c Ž .m s x d x , 9aH1 ­ xy`

or

q`­ m ­ ­1 s x d xH­ t ­ x ­ ty`

and

q` ­ c Ž .m s d x 9bH0 ­ xy`

The integration is from the homogeneous part of
the solution on one side of the boundary to the
homogeneous part on the other side of the
boundary; the boundary conditions are thus

cs0, for xªy`

csc , for xªq`max

­ c Ž .s0, for xª"` 10
­ x

Hence, these moments can be evaluated if the
Ž .concentration profile c x,t is known.

Ž .Introducing the transport Eq. 1 into these
definitions one has

m1 Ž . Ž .s¨ csc tqx 11max 0m0

where the boundary starts at x . Reference to0
Ž . Ž .Eq. 3 and Eq. 4 shows that this reduced mo-

ment depends on the three parameters.
We can now outline the program: in a

Tiselius-cell, a step boundary is established at
ts0 between a protein]buffer solution and the
buffer solution, and at the same time a constant
electrical current is applied. The moving boundary
is then monitored by scanning absorption optics

Ž .for several times approx. 40 profiles in 16 h .
Ž . ŽThese profiles c x,t are evaluated to give ¨ cs

. Ž .c according to Eq. 11 and they are trans-max
Ž Ž .. Ž .formed see Eq. 6 to c z, y . For constant val-

ues of zsconst. they are extrapolated to yª0.
This procedure does away with the diffusional

Ž .spreading and leads to the Gilbert profile Eq. 8 .
As there is no analytical solution of the differen-

Ž .tial Eq. 1 to help in the extrapolation procedure

we have used a numerical integration method
w x3]5 to this purpose.

In order to check for the absence of disturbing
effects: convection, incomplete establishment of
the step boundary at the start and extrapolation
errors, one can use the fact that the migration
velocities ¨ , ¨ and ¨ are proportional to aD T
mobility factor u , u and u and the electricalD T
current density I, i.e. measurements at different
current densities should lead to the same extrap-
olated curve if mobilities instead of velocities are
used. This is expected to be true between a lower
bound below which S and hence the migrational
spreading is too small and an upper bound where
thermal convection sets in.

3. Methods and materials

Ž .In the experimental setup Fig. 1 the elec-
trophoresis cell sits on a fixed block. Its tempera-

Ž .ture is kept to 298"0.02 K by a copper thermo-
stat which encloses the cell completely except for
the entrance and exit of the light of the optical
system. This optical system is mounted on a verti-
cally movable table. It can be adjusted by XY-ta-
bles and a micrometer calliper MC1. The weight
of the table is compensated by a counter-weight
Ž .not shown so that it can be easily moved for the
scanning procedure. The table is held in place by
four roller bearings. The motor, controlled by an
optical incremental meter OIM, moves the table
via the micrometer calliper MC2.

At the start of the scanning process and after
approx. 5 mm of upward movement a light signal
LS determines the zero point of the x-coordinate.
From then on, 800 pixels of a width of D xs50
mm are recorded in D ts140 s. These conditions,
together with the layout of the optical system,
ensure that the absorption is recorded without
distortion and with sufficient precision.

Details of the optical system can be seen in Fig.
Ž .2. The light ls280 nm enters through a

quartz-glass fibre. The other parts are self-ex-
planatory. The output of the photomultiplier is
preamplified, converted with a 12-bit ArD-con-
verter and stored by a computer for further treat-
ment.

The standard Tiselius cell is shown in Fig. 3.



( )R. Matejec, H. Schonert r Biophysical Chemistry 74 1998 99]106¨102

Fig. 1. The experimental setup of the electrophoresis cell with a scanning UV-absorption optics. Explanation in the text.

The lower part in which the movement of the
Žboundary takes place is made from quartz Hel-

.lma, Mulheim, Germany . This allows the use of¨
the UV-light. The electrical current from a con-
stant current source enters and leaves the solu-
tion via silverrsilver chloride electrodes in aque-
ous KCl. One side of the cell is closed thus
avoiding apparent movements of the boundary

due to changing densities in the two arms of the
cell.

The boundary between the buffer solution and
the protein solution is sharpened by a capillary

w xtechnique 10 . The syphoning capillary is with-
drawn after the start of the experiment. The
boundary is stabilized by 0.03 M sugar in the
lower protein solution.

Ž . Ž .Fig. 2. The optical system. All data are given in millimetres. L fs13 mm and L sL fs50 mm are quartz lenses; slit S1 2 3 1
Ž . Ž .widths1 mm and slit S widths0.2]0.3 mm determine the dimensions of the ray.2
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Fig. 3. The Tiselius cell.

Haemolysate of normal human blood in 0.05 M
Tris, 1 mM EDTA and pHs7.60 was concen-
trated with an Amicon stirred ultrafiltration cell
using Amicon PM 10 membranes. The major frac-
tion of HbA was prepared with two DEAE-Sep-
adex A-50 columns at 48C according to the method

w xof Williams and Tsay 11 . The haemoglobin con-
centration was determined after conversion to
cyanomethaemoglobin at ls540 nm with «s
4.40=104 My1 cmy1. The content of methaemo-
globin, measured spectrophotometrically with the

w xdata of Benesch et al. 12 was below 4%. At the
end of an experiment it had increased approxi-
mately twofold. The haemoglobin was used in 0.1
M Tris, 1 mM EDTA, 0.2 M NaCl at pHs7.40.
The chemicals were of analytical grade. The wa-
ter was bidestilled.

4. Results and discussion

We present the results of four representative

Table 1
The data for four experiments with haemoglobin, in 0.1 M
Tris, 0.2 M NaCl, 1 mM EDTA, pHs7.40, Ts298 K

y3 y2 5 y1Ž .No. crg dm IrmA cm ¨ c =10 rcm s Smax

1 0.409 40.00 2.736 1.35
2 0.466 26.66 1.468 0.90
3 0.431 13.33 0.803 0.45
4 0.388 6.667 0.415 0.23

experiments, Table 1. The concentration of these
solutions were chosen in such a way that suffi-
cient proportions of both dimer and tetramer
species are present. This was done with known

w xvalues of the equilibrium constant K 8,13 . The
electrical current density varies by a factor of six.
In this way one can study the influence of the
migrational spreading relative to the diffusional
spreading.

During each run approx. 40 profiles were taken

Fig. 4. Four concentration profiles for experiment 1, t s1
22 190 s, t s34 460 s, t s50 430 s, t s60 260s, from left to2 3 4
right.
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in 16 h. From the first experiment we show in Fig.
4 four profiles, from ts22 190 to ts60 260 s.
The starting boundary was at the origin. The last
profile extends along the x-axis for approx. 2 cm.

Ž .This corresponds to 400 points c x,t only a few
of which are included in Fig. 4.

These curves show no shoulder or any other
obvious distortion due to the dimer]tetramer
equilibrium. Only the following analysis will re-
veal the hidden equilibrium reaction.

All profiles were numerically treated according
Ž . Ž .to Eq. 9a and Eq. 9b and the reduced first

moment was plotted vs. time, Fig. 5. The relative
standard deviation of the experimental points
from a linear least-squares fit is 0.3%.

Sometimes, but rarely, one finds a change of
the slope with time. The reason is a change in the
temperature of the electrophoresis cell which acts
like a thermometer because of the closed end of
one of the electrode compartments. These experi-
ments are not further evaluated.

ŽFrom a linear least-squares fit one gets ¨ cs
.c . As it should be, it is proportional to themax

electrical current density, Fig. 6. The deviation
from a linear fit is greater than for each of the
experiments in the foregoing plot, due to slightly
different concentrations c and varying con-max
tents of methaemoglobin. These deviations have
no consequence for the final result because Eq.
Ž .8 is nearly immune to slight drifts.

Ž .Fig. 5. The reduced first moment according to Eq. 11 for the
four experiments.

Ž .Fig. 6. The migration velocity ¨ csc as a function of themax
electrical current density I.

As outlined before the profiles are transformed
Ž .to c z, y . A search algorithm determines for a

Ž .series of transformed profiles the values c z , yK

for several constant z , and these are plotted atK

the constant z vs. ys1rt. Fig. 7a shows thisK

plot for the experiment with the highest electrical
current density for some values of z . Only guidedK

by the eye, one can make a first extrapolation to
infinite time which gives an approximate value of
¨ at the point where the extrapolated curve andD

the x-axis cross. Together with the knowledge
from the slope of the reduced first moment one
can estimate K and ¨ . These approximate valuesT

of the parameters serve as a starting point for a
numerical integration of the differential equation

w xwhere the method of Cox 3]5 has been used.
The result can be used to iteratively refine the
extrapolation up to some limit: a residue of errors

Ž .must be tolerated because: 1 the small diffu-
sional coupling between the stabilizing sugar and

Ž .the haemoglobin is unknown; 2 the deviation of
the starting boundary from a perfect step

Ž .boundary is not be taken into account; and 3 the
methaemoglobin content increases. Therefore and
especially because the diffusion is eliminated, the
exact value of the diffusion constant turns out not
to be critical during the integration process: a
variation of 5% is without much effect. Neverthe-
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Ž .Fig. 7. a Experiment 1, Ss1.35: extrapolation for nine
constants z from zs1.85=10y5 cm sy1 to zs3.20=10y5

y1 Ž .cm s . b Experiment 3, Ss0.45: the same from zs0.283
=10y5 cm sy1 to zs1.22=10y5 cm sy1 .

less, the extrapolation leads to an acceptable re-
sult, Fig. 8.

In the case previously discussed, the ratio S,
Ž .Eq. 5 , which quantifies the two types of spread-

ing, is Ss1.35. Thus, at the end of the experi-
ment the migrational spreading slightly outweighs
the diffusional spreading although the last profile
in Fig. 4 apparently does not show this effect.

In the third experiment, the ratio S is smaller
by a factor of three, S(0.45, because the electri-
cal current density is decreased by this factor. In
this case the extrapolation is still possible, see
Fig. 7b, but the influence of the diffusion cannot
be completely removed. This is even more
pronounced in the last experiment with S(0.23
which has therefore not been further treated.

Finally, in Fig. 8 the extrapolated values are

Fig. 8. The extrapolated profiles for Ss1.35, Ss0.90 and
Ž .Ss0.45. The strong line gives the Gilbert profile Eq. 8 with

Ks10 gy1 dm3.

plotted vs. z taking mobilities instead of velocities
and a corresponding use of z. Included, is a

Ž .theoretical curve according to Eq. 8 with Ks10
y1 3 w xg dm , compared to the literature value 8,13

of Ks14 gy1 dm3. One can see that for the
S)1 theory and experiment are sufficiently coin-
cident, whereas with decreasing S the extrap-
olated curves depart more and more from the
expected behaviour because of the insufficient
elimination of the diffusional broadening.

One can conclude that this method improves
the existing measurements because the scanning
device with ls280 nm extends the concentration
range well below cs0.1 g dmy3, and because the
series of scans enables the extrapolation to infi-
nite time and thereby the elimination of the in-
fluence of the diffusional broadening. If the elec-
trical current density is sufficiently high even a
dimerization reaction which shows the least
pronounced deviation from the gaussian be-
haviour can be analyzed.
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